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Proximal Iterative Methods for Solving Nonlinear
Mixed Quasivariational-Like Inequalities
REN Xiao
Department of Mathematics and Physics Xichang College Xichang 615022  Sichuan

Abstract In this paper by applying the auxiliary principle technique a proximal iterative method

for solving nonlinear mixed quasivariational-like inequalities is suggested and analyzed. The convergence of

the method requires only the pseudo —monotonicity of mappings

which is weaker condition than the

monotonicity. This method and convergence results generalize some results in literatures.
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1 Preliminaries

Let H be a real Hilbert space with norm and
inner product denoted by ||- | and< - > respec—
tively I stand for the identity mapping on H. Let
CB H be the families of all the nonempty bounded
closed subsets of H.let TA H—H and N m Hx
H—H be single—valued mappings and ¢ HxH—
RU +% be a real function.We consider the following
nonlinear mixed quasivariational —like ine —qualities
problem find uwe H such that

<N TuAu mgv gu >0 gVv gu —-¢
gu gu =0 Vgv eH 1.1

1 If g=1 ¢ HPRU +x

1.1 reduces to the following nonlinear mixed vari—

then the problem

2005-03-20
1958-

Pseudo— monotonicity  Proximal iterative method Skew-

ational-like inequalities problem find we H such that

<N TuAu m vu>¢ v —¢ u =0
VYveH 1.2
The problem 1.2 was introduced and studied by

Ding [1].
2 Iftg=l NTuAdu =Tu nvu=v-u
problem 1.1

then the
reduces to the following nonlinear mixed
quasivariational -like inequalities problem find u e
H such that
<Tuv-ust¢ vu -¢uu =0 VYveH

1.3
The problem 1.3  was introduced and studied by
M.A.Noor[2] [3].
3 UNTuAu =Tumvu=2gv-gu

H ¢ HxH—RU +oo

Vu Ve

then the problem 1.1 re—
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duces to the following nonlinear mixed variational

inequalities problem find ueH such that

<Twgv —gu>>¢ gv -¢ gu =0
Vgv eH 1.4
The problem 1.4 was introduced and studied by
Noor[4].

It is easy to see that the problem 1.1 includes
a number of extensions and generalizations of many
variational and variational-like inequalities in literature
as special cases.
Lemma 1.1°" For all u veH we have
2<u v>=Jluv [ = lu = (v 2
Definition 1.1°' The bifunction ¢ - HxH—R U
+ is called skew—symmetric if it satisfies
¢ uu -9 uv-¢ vu+-¢ vv =0
YuveH
It is easy to see that if the bifunction ¢ -
is linear in both the variables then ¢ - is non—
negative.
Definition 1.2 lLet T g H—H and N n HxH—H
be single—valued mappings.

i T H—H 1is said to be

M —-g-monotone with

respect to the first argument of N - - if
<NTu- -NTv- mgu gv >=0

YuveH

it T H—H is said to be m—g-pseudomonotone with

respect to the first argument of N - - if
<NTu- mgv gu >=0=<N Tv- n

VuveH

Similarly we can define the m—g—pseudomonotone

gv gu >=0

of T H—H with respect to the second argument of
N - - It is known that monotonicity implies ps—
eudomonotonicity but the converse is not true see[5].
We observe that if T H—H and A H—H are
n—-g-pseudomonotone with respect to the first and
respectively  then

>=0=N Tv Av n

second argument of N -
<N TuAu mgv gu
gv gu >=0 VYuveH

2 Iterative algorithm of solutions

In this section we suggest and analyze a new

iterative algorithm for solving the problem 1.1 by

using the auxiliary variational inequalities technique.
For a given u e H consider the problem of finding
a unique w € H satisfying the following auxiliary
variational inequality

<gw —-gu gv-gw><pN Tw Aw m g
>tpe g v o gw —pe gw gw =0
Vgv eH 2.1

where p>0 is a constant.

vV ogw

We note that if w=u then clearly w is a solution
of the problem 1.1 .By observation we suggest the
following iterative algorithm for solving the problem

1.1 .
Algorithm 2.1 For a given u, € H compute the
approximate solution u,,; by the iterative scheme

<G Upy =2 Uy, &V =g Uy >+pN Tu,y Au,,
MEV gl >HP EV g Uy —PO g Uy g

uy =0 VveH 2.2

Note that if g=/ ¢ H—RU +% then Algorithm

2.1 reduces to which is a new iterative algorithm

for the problem 1.2 .

3 Existence and convergence result

Lemma 3.1 Let ue H be the exact solution of the
problem 1.1 and uw,, be the approximate solution
obtained from Algorithm 2.1.If operator 7" H—H and
A H—H are m—g—pseudomonotone with respect to
the first and second argument of N - respectively.

Suppose M u v =m v u YuveH and ¢ ..

HxH—RU +o
lg tw —gu I°= g u -gu ~ |l g tun
-gu, |° 3.1

is skew—symmetric then
I

Proof. Let ue H be solution of the problem 1.1 .
Then

<N Tudu mgv gu
Vgv eH
Since T H—H and A H—H are m—g—pseudomonotone

>p g v ogu ¢
gu gu =0

with respect to the first and second argument of N
respectively which implies that

<NTvAv mgv gu >gv gu —¢

gu gu =0 Vgv eH 3.2
Let v=u,, in 3.2 . We have
<pN Tun+l Aun+l T] g 22} g ; >p('P g Upyy g
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u —-pepgu gu =0 33
2.2 .We have

<g Uy —g U, g U —g Uy >+<pN Tu,, Au,,
L MU g U PP LU g U PP g Uy
g Uy =0 34
Since n u v =nvu YuveH Adding to 3.3
and 3.4

<G U —g U, g U —g Uy >Pl@ gu gu
Qg Uy EU—PEU & Uy P g Uy & U |
=0

Let v=u in

we have

e, <g U g U, gu —guym>plogu gu

Qg Uy LU QLU LUy TP L Uy & U ]
Since @ .. HXH—RU +% is skew—symmetric
we have

<g U —C U, & u -2 U,y >=0 3.5
From 3.5 using Lemmal.l we obtain

2

_ 1 _
<G Uy =G Uy, & U —F Uy >7[ lg u, —gu |

g wwm —gu 17-lguwa-gu =0

e lgum-—gu I’<lgu-gu |I*~lgu. -
gu |?

Theorem 3.1 Ilet H be a finite dimensional space
and g H—H be invertible.If w,, is the approximate

solution obtained from Algorithm 2.1 and ueH is

then limun:ﬁ.

n—o

a solution of the problem 1.1

Proof Let 1.1 .From

be a solution of the problem

References:

3.1 it follows that the sequence | | g u -g u, | }

is nonincreasing and consequently {u,} is bounded.

Furthermore we have

Dlgu -gu |°<lgu-gu |?
n=0

which implies that

—gu | =0 3.6

hm || g Unn

Let u be the cluster point of {u,}.Since {u,} is
bounded there exists a subsequence {u,} of the
sequence {u,} converge to ue H.Replacing u, by u,
in 2.2

we have

and taking the limit ny—>% and using 3.6
<NTudu mgv gu >0 gv gu -¢
Vegv eH

which implies that ue H solves the problem 1.1

gu gu =0

and
2

|| g U —§ E || ZS || g u, =& E ||
Thus it follows from the above inequality that the

sequence (4,} has exactly one cluster point u and

limg u, =g u
e
Since g is invertible so
limu =u
o

this completes the proof.

1 X.P. Ding Predictor—Corrector lterative Algorithms for Solving Nonlinear Mixed Variational-like Inequalities J

2003 26 1 1~5.

2 M.A.Noor Mixed quasi variational inequalities J

3 M.A.Noor Proximal Methods for Mixed Quasivariational Inequalities J

2002 115 2 453~4509.

4 M.A.Noor Pseudomonotone General Mixed Variational in Equalities J

529~540.

5 F. Giannessi A. Maugeri Variational Inequalities and Network Equilibri um Problems ]

1995.

Applied Mathematics and Computation 2003 146 553~578.

Journal of Optimization Theory and Applications

Applied Mathematics and Computation 2003 141

Plenum Press New York



